Abstract: Plasma echo theory is revisited and reviewed to apply it to a semi-bounded plasma. Spatial echoes in a semibounded plasma are investigated by calculating the electric field produced by external charges and satisfying the boundary conditions at the interface. We show that echoes can occur at various spots. The diversity of echo occurrence spots is due to the boundary terms.
I. INTRODUCTION
Plasma echoes in an infinite plasma have long been known theoretically [1, 2] as well as experimentally [3] . Let us briefly review the echo theory. The distribution function of plasma particles f (k, ,v) in Fourier space has a singularity at = kv (in addition to other singularities). In its inversion to (x,t) e . This modulation is called free streaming term since x = vt is the characteristic line of a free particle. This term makes the modulation of the distribution function more and more oscillatory as t or x increases, and consequently, fdv will become vanishingly small due to almost complete cancelations (phase-mixing). Therefore, the free streaming term yields no appreciable effect on macroscopic variable such as density perturbation.
However, if two free streaming terms are multiplied as in a nonlinear determination of the second order electric field, it is evident from the expression e ik 1 (
) that a constructive interference can result in at a certain time (temporal echo) ( or at a certain spot; spatial echo) such that k 1 x 1 + k 2 x 2 = v(k 1 t 1 + k 2 t 2 ) . In this case, the exponential phase of the second order distribution function vanishes and the corresponding velocity integral does not phase-mix, resulting in an echo.
In this work, we investigate spatial echoes in semibounded plasma to find the locations where the echoes can *Address correspondence to this author at the Department of Physics, Hanyang University, Seoul 133-791, Korea; Tel: 010-9012-2643; E-mail: ychjlee@yahoo.com be detected. In a bounded plasma, the electric field is determined by satisfying the boundary conditions at the interface. We find that a bounded plasma gives diversity of echo locations as compared to an infinite plasma. It appears that the diversity is due to reflections of waves at the boundary.
The content of this work is organized as follows. In Section II, the nonlinear Vlasov and Poisson equations are expanded in perturbation series to prepare iteration with the linear solutions. In Section III, linear solutions are obtained by carefully observing the kinetic and the electric boundary conditions at the interface. In Section IV, the second order quantities are analyzed to find the echo locations. Lastly, Section V touches upon a mathematical aspect of the differential equation and its Fourier transform.
FORMULATION OF THE PROBLEM
We consider a plasma consisting of electrons and stationary ions, the latter forming the uniform background. The plasma is assumed to occupy the half-space x 0 . The region x < 0 is assumed to be a vacuum. The perturbed electron distribution function f (x,v,t) and the electric field E(x,t) will depend on x -coordinate only since y and z coordinates have translational invariance. We have the nonlinear Vlasov equation and the Poisson equation to describe the electrostatic perturbation:
where 0 represents the external charges: The kinetic equation is supplemented by the kinematic boundary condition which we assume to be the specular reflection condition:
Assuming that the external perturbation is small, we solve Eqs. (1) and (2) 
In this work, the Fourier transform is defined by:
Note that Eqs. (5) and (6) are valid only in the region x > 0 , the plasma region. Eqs. (5) and (6) constitute a set of nonlinear simultaneous equations . We solve the set of equations by successive approximations in terms of perturbation series:
Breaking down Eqs. (5) and (6) order by order, we have
The above equations should be solved in accordance with the following boundary conditions. Specular reflection boundary condition:
where D (1) (0 ) equals to the vacuum electric field E 0 .
LINEAR SOLUTION
Eq. (8) 
Multiplying Eq. (9) by e ikx and integrating piecewisely from to 0 and 0 + to , one obtains: (15) where
Note that the discontinuity of E(x) at x = 0 is accounted in the above Fourier transformed equation (15) 
which is the dielectric function ( p is the plasma frequency). N (1) is determined from the electric boundary condition as shown in the sequel.
We need the electric displacement D(x) to enforce the boundary condition Eq.
. By definition,
where J is the current,
, we obtain
Inverting Eq. (19) gives:
where we used the formula [6] dk e ikx k
= i S(x)
where S(x) is the step function: S(x) = 1 if x > 0 or 1 if x < 0 . Therefore, we obtain:
Setting this quantity to E 0 , we have:
Using Eq. (22) in Eq. (17) gives:
In Eq. (23), we determined E (1) 2 ) come from the boundary condition which will be absent from an infinite plasma.
In an infinite plasma without boundary, we would obtain:
THE SECOND ORDER SOLUTION AND ECHO OCCURRENCE
Next, we deal with the second order equations, Eqs. (10) and (11). After Fourier transforming with respect to x , we obtain:
where Q stands for:
Fourier transforming Eq. (11) and and using Eq. (24) therein give:
where N (2) is the jump of E (2) (x) at x = 0 . We determine it from the boundary condition in Eq. (13). We have
Using Eq. (24) for J , we obtain:
Using Eq. (26) in the above equation yields:
Clearly the last integral vanishes. The boundary condition Eq. (13) requires N (2) to be zero, and we write, after integration by parts:
Let us summarize the equations that will be used to investigate the echo occurrence condition:
where the letter ' b stands for unity; it will be eventually put to 1 but indicates that it is a boundary term. We write the product terms which survive the phase-mixing if a suitable condition is met:
(34)
(38) where = (8 2 / k 0 ) 2 . Terms (33) to (38) are to be added.
The terms multiplied by b are boundary terms which are irrelevant to an infinite plasma.
We show first that two terms (33) and (34) can yield an echo resonance. Adding the two terms, we have:
Integral d in Eq. (31) can be done easily owing to the --functions: 
where 3 = 2 1 . In the above dk --integral, the nonphase-mixing contribution comes from the double pole at k = 3 / v . The residue is obtained by differentiating the integrand with respect to k and putting k = 3 / v . Here we differentiate only the exponential factor since it gives the asymptotically dominant term. The two terms in the large bracket are nicely combined upon putting k = 3 / v to yield:
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Echo is given rise to where the exponential argument becomes zero, thus the velocity integral is not phase-mixed:
where we have:
The above echo given by Eqs. (45) and (46) can be given rise to in a semi-bounded plasma as well as in an infinite plasma [2] .
Repeating similar algebra performed in the foregoing analysis, we obtain from Term Eq. (35) an echo occurrence at:
, and
We obtain from Term Eq. (36) an echo occurrence at:
Term Eq. (37) gives an echo occurrence at:
Term (38) gives an echo occurrence at:
DISCUSSION
In dealing with Eq. (8), some authors [4, 5] 
where 0
x is the reference point of the boundary condition, and (= r + i ) is assumed to have a small infinitesimal positive imaginary part. This implicit condition is necessary to have a legitimate time-Fourier transform of f (t) .
i) For v < 0 : let us take the reference point x 0 .
Then the exponential factor in the first term in the large bracket [ ] vanishes owing to > 0 , and the solution can be written as:
ii) For v > 0 : let us take x 0 = 0 in Eq. (51) to write:
To enforce the boundary condition Eq. (4), we use Eq. (52) to write:
because f 0 (v) is an even function of v . Therefore we obtain:
Eqs. (52) and (53) were derived by Landau [4] in his analysis of electric field in a semi-infinite plasma. Note that the solutions satisfy the boundary condition at x = i.e. f (v, x = ) = 0 and the specular reflection condition.
Earlier, Sitenko et al. [5] investigated surface echo in a semi-bounded plasma. Their result had no difference from the result for an infinite plasma. Their Eq. (5) in Ref. [5] for the electric field of a semi-bounded plasma has no difference from that of an infinite plasma. Their analysis can begin with Eq. (17) in this work with N (1) = 0 or the last equation of section III. This omission results in failure to locate the extra echo spots that occur because of the boundary. N (1) cannot be zero in a plasma with a boundary. This important quantity stems from the presence of the vacuum-plasma boundary. Vlasov equation is solved in a semi-bounded plasma with oddly continued electric field, and the Poisson equation gives rise to N (1) 0 because of the discontinuity of E(x) at x = 0 . This is also ascertained by directly solving Vlasov equation as discussed in the earlier part of this section.
It was reported [7] that an exact nonlinear solution of surface wave in a bounded plasma impressed by external charges was obtained. Echoes associated with surface waves in a semi-bounded plasma or a plasma slab needs further investigation. The linear waves in a bounded plasma which are the starting basis to investigate the second order quantities have been comprehensively dealt with in Ref. [8] . Kinetic solutions of plasma waves in a slab were investigated by Lee and Lim [9] . The above references
